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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets at
each lens plane (see discussion in Section 2.2). Right: The e↵ective multi-plane convergence for these realizations. The deflection angles
corresponding to these convergence maps, after subtracting o↵ the convergence from the main deflector, include the non-linear e↵ects
present in multi-plane lensing not captured by the Born approximation (see Appendix A).

with � (z) = 0.026z� 0.04.2 We plot the subhalo mass func-
tion and the mass concentration relation in Figure 1. Due
to the factor of 60 in Equation 7, the e↵ect on halo concen-
trations a↵ects the central densities of objects with masses
significantly above the half-mode mass.

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector

2 We remind the reader that we use the ccdm (m, z) relation pre-
sented in Diemer & Joyce (2019).

to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-
flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
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