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density profiles that depends on the mass of the subhalo
and its position inside the host halo (Gilman et al. 2019b).

2.3 Where does the lensing signal come from?

We show the magnification cross section for a 108M� halo
as a function of its concentration in Figure 2. The maximum
magnification perturbation from a halo with c = 8 is 10%,
while the perturbation from a halo with c = 22 reaches
30%. More concentrated halos will increase the frequency
of flux-ratio perturbations relative to a population of low-
concentration halos, as more concentrated halos are more
e�cient lenses.

2.4 Forward modeling methodology

The most important conceptual feature of our Bayesian in-
ference technique is the recognition that we may obtain
posterior distributions of model parameters from simulated
datasets generated with a forward model, circumventing the
direct computation of an intractable likelihood function.
The forward modeling technique detailed by Gilman et al.
(2019b) simultaneously samples the dark matter quantities
of interest and nuisance parameters such as the logarithmic
slope of the main deflector mass profile �macro and the ex-
tent of the lensed background source �src. Comparisons be-
tween the forward model output and the observed data are
performed through the use of a summary statistic, which is
used to estimate the likelihoods for each lens and compute
the posterior.

We use a uniform prior on c0 and � between 1 � 30
and 0.3� 1.3, respectively, a Gaussian prior on ⇣ with mean
-0.25 and variance 0.05, and a Gaussian prior on the slope
of the subhalo mass function ↵ with mean (variance) -1.9
(0.025) (Springel et al. 2008). The priors on the additional
parameters in Equations 3 and 6 are summarized in Table
2 of Gilman et al. (2019b).

3 DATA

We use the image positions and flux ratios from
eleven quadruply-imaged quasars to constrain the mass-
concentration relation. Eight of these systems have flux ra-
tios measured using narrow-line emission from the back-
ground quasar (Nierenberg et al. 2014, 2017, 2019) and
three with radio emission B0128+437, MG0414+0543, and
PG 1115+080. The data for the radio systems are taken
from Koopmans et al. (2003), Katz et al. (1997), and Chiba
et al. (2005), respectively. Both the narrow-line systems
and radio lenses have background source sizes large enough
(⇠ 1 � 60pc) to avoid contaminating e↵ects from micro-
lensing, while retaining sensitivity to dark matter halos in
the mass range 106 � 109M�.

We assume the population mean halo mass on
log10 (Mhalo) of 13.3 for B0128+437, and 13.0 and 13.5 for
MG0414+0543 and PG 1115+080, respectively, each with
variance 0.3 dex. We defer to Gilman et al. (2019b) for de-
tails. We model the luminous satellite galaxy visible near
MG0414+0543 (Ros et al. 2000) with a Gaussian prior on
its Einstein radius N (0.2, 0.05) and also on its mass cen-
troid, with astrometric uncertainties of 50 m.a.s. We use a

Figure 4. Constraints on the concentration-mass relation of
CDM halos derived from the posterior distribution of hyper-
parameters shown in Figure 3, computed with eleven strong grav-
itational lenses. Black solid (dashed) lines contain 68% (95%)
confidence intervals at fixed halo mass. White curves show sev-
eral concentration-mass relations from the literature also plotted
in Figure 1.

uniform prior on the background source size between 1�25pc
(25� 60pc) for the radio (narrow-line) lenses.

4 RESULTS

Our main results are the constraints on the hyper-
parameters defining the mass-concentration relation in
Equation 4. The posterior distributions for c0, �, and ⌃sub

are shown in Figure 3. The parameters � and ⌃sub are
relatively unconstrained due to the covariances present be-
tween ⌃sub, �, and c0. Both the normalization of the sub-
halo mass function ⌃sub and the normalization of the mass-
concentration relation appear correlated with �. While the
posterior distribution of � is peaked towards higher values,
the peak is not statistically significant. The parameters c0
and ⌃sub are covariant, as more concentrated halos and more
numerous halos both increase the clumpiness of dark matter
structure on small scales. The parameter ⇣ is unconstrained.

The normalization of the mass-concentration relation
is constrained by the data. The inference on the parameter
c0, which in our parameterizations is defined as the median
concentration of a 108M� halo at z = 0 is at 1� c = 12+6

�5,
and at 2� c = 12+15

�9 . This result is marginalized over the
normalization of the subhalo mass function, the amplitude of
the line of sight halo mass function, the slope of the subhalo
mass function, and nuisance parameters describing the main
deflector lens models and the background source size.

We translate the posterior distribution of hyper-
parameters in Figure 3 into constraints on the halo con-
centrations as a function of mass. The result is shown in
Figure 4. Our constraints are consistent with the subset of
models from the literature applicable in the halo mass range
106 � 1010M� relevant for our analysis. The uncertainties
on concentrations of low-mass halos are larger than those of
high mass halos, a result of the correlation between c0 and
� in the posterior distribution in Figure 3. For a 107M�
halo, the 68% CI (95% CI) constraints on the concentration
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